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Results a re  presented f rom an experimental study of the effect of injection and tempera ture  
nonuniformity on the coefficient of friction in the entry region of a tube. A method is p ro -  
posed whereby the kinematic flow charac te r i s t i c s  can be used to determine the coefficient of 
fr ict ion directly f rom experimental  data. This method has been applied to the data of various 
authors.  The resul ts  of experiments ca r r i ed  out over  a wide range of conditions a re  reported.  

Coefficients of friction can be determined experimentally either by using floating elements to direct ly  
measure  tangential shear  s t r e s ses ,  or  by having r ecour se  to indirect  procedures  involving t reatment  of 
the velocity profi le o r  numerical  integration of the momentum relation. Methods based on electrochemical  
principles and thermal  analogies have also found wide application. 

Resor t  is usually had to indirect  methods since it is not always possible to measure  the tangential 
s t r e s s  es directly,  especially under complex gasdynamic conditions. 

Two procedures  are  available for finding the coefficient of friction f rom the velocity profile in the 
turbulence cen te r  of the boundary layer  [1, 2]. The f i rs t  of these res t s  on the existence of a logarithmic 
region within the boundary layer.  Here a velocity profile in the coordinates  Wx/W 0 = f ( w o y / v  ) is developed, 
and the equation 

w~ = V+• -x (in g q- const) (1) 

is then used to find the coefficient of fr ict ion.  

The value obtained for  the coefficient of friction will depend on the coefficient of turbulence y, and its 
accuracy  will vary with the precis ion of measurement  of the slope (V+). The drawback to this method lies in 
the fact that it cannot be applied to gradient and nonstationars, flow where the logari thmic region in the 
velocity profile shrinks away to essentially zero [3]. The method proposed in [2] is largely an improved 
version of this procedure,  and suffers  f rom the same defects. 

The coefficient of friction can also be obtained f rom the integral momentum equation. Here the p re -  
cision of the resul t  obtained is largely determined by the accuracy  of the velocity profile measurements  and 
subsequent logitudinal integration and differentiation. 

The work of [3, 4] was ca r r i ed  out with a momentum equation of the form 

r 0 co s  -1 ~ re o~OS-I 

r0 dx = d  S pwx~rdy + d  I Prdy 
T,w COS 

o u ( 2 )  

The accuracy  of the final resul t  was thereby improved, the f i rs t  t e rm on the right-hand side of this 
equation being general ly much sma l l e r  than the second, without, of course,  eliminating the e r r o r  inherent 
in velocity profi le measurements .  In Eqs. (1) and (2), w x designates the velocity, P the p ressure ,  r the r a -  
dius, p the density, V+ the dynamic velocity, and r w the tangential s t r e s s  on the wall, while x and y are  the 
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r e s p e c t i v e  l ong i tud ina l  and t r a n s v e r s e  c o o r d i n a t e s ,  a n d s  i s  the  a n g l e  be tw e e n  the  cham~el ax i s  and the  wal l .  

By d r a w i n g  on the r e l a t i o n  be tween  k i n e m a t i c  and i n t e g r a l  f low c h a r a c t e r i s t i c s  i t  should  be  p o s s i b l e  
to e l i m i n a t e  the  n e c e s s i t y  of v e l o c i t y  p r o f i l e  m e a s u r e m e n t s  t h e r e b y  c o n s i d e r a b l y  i n c r e a s i n g  the  a c c u r a c y  
of the  f ina l  r e s u l t .  

Th i s  r e l a t i o n  can  be  d e v e l o p e d  f r o m  the  con t inu i ty  equat ion  and the  i n t e g r a l  d i s p l a c e m e n t  t h i c k n e s s  
equat ion  f o r  t he  a x i a l l y  s y m m e t r i c  channe l .  

H e r e  one  h a s  

Opw~r/Ox -t- Opwrr/Or = 0 (3) 
1 

r--'~ = ' p~w,, / r('~ ] Cl i ~ ) 
o (4) 

I n t e g r a t i o n  of (3) o v e r  the  r a n g e  of v a r i a t i o n  of the  l ong i tud ina l  and t r a n s v e r s e  c o o r d i n a t e s  g i v e s  

X i 
f, 

p,)w0P02 (t - -  26 + cos a / r0) = p0,wo, (t - -  261 + cos ai /r01) -[- ~ ~ pWwco s A dX 
X, 

Le t  i t  now b e  a s s u m e d  tha t  

(5) 

pw~ / p0w0 = (Y / r0) ~ 

n be ing  an unknown e m p i r i c a l  c o n s t a n t ,  and r" 0 = r0/ r0t .  

Subs t i t u t i ng  f r o m  (6) into (4) and  i n t e g r a t i n g ,  one  f inds  that  

(6) 

8_~_* = n~ (2 - cos a) + n (4 --  cos ~) 
r0 2n 2 ~- 6n -[- 4 

Equa t ion  (7) c a n  now b e  s o l v e d  f o r  n to ob ta in  

66+I~.--4 +r [+{  ~/r.,-/.+cos~ }'z 46"Iro IV, 
n-- - . - -  2.(.26~/ro__2ff_cos= ) ~- 2 6 + 1 r - ~ o ~  2 6 + 1 r o ~ 2 ~ _ 0 o ~ r  t.  

F o r  flow in a c o n s t a n t - c r o s s - s e c t i o n  tube ,  r 0 = cons t ,  c o s  a = 1, so  tha t  (8) r e d u c e s  to 

[( )( ) 7  3 ~ t 8 + 9 5+ - -  t 
n - -  Z T 2 ro 4 2 r--~" 

S o l v i n g  (4) f o r  the  d i s p l a c e m e n t  t h i c k n e s s ,  one  f i nds  tha t  

Xt 

-E-o = ~  I - -  - -  po,wo, 1 - - 2 . -  +a~pwvcco- -~ j  f 
lo j t /3 j ro  L rol 

0 

(7) 

(8) 

(9) 

(10) 

By m e a s u r i n g  the  dynamic  p r e s s u r e  d i s t r i b u t i o n  and the  t r a n s v e r s e  flux, and d r a w i n g  on Eqs.  (8) and 
(10), the  exponent  of (6) can  be  e v a l u a t e d  f o r  any  p a r t i c u l a r  s e c t i o n .  The  f o r m  of Eq. (6) i s  such a s  to 
l i m i t  a p p l i c a t i o n  to c a s e ~  of b r e a k a w a y  flow. 

F o r  f low in the  e n t r y  r e g i o n  of a tube,  s i m u l t a n e o u s  so lu t ion  of (9) and (10) g i v e s  t he  fo l lowing  s i m p l e  
e x p r e s s i o n  f o r  n 

t .  2 powo Iv, n = - - % + [ T  + pc,=o,J 

I n t e g r a t i o n  of (2) o v e r  the  w o r k i n g  s e c t i o n  g ives  

X t 
f yw~ ~ d~ ~i z( ~Woi~ ~ c ~  ) 

Xi 

P' /'p 2 Pi c o s ~  ) 

(11) 

(12) 

, (r), Ili "= 2 (  P~'x" d 
pew~ W (13) 

o 
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fll being the momentum flux parameter .  

In the case  of nonisothermal  s t reaml ine  flow of a permeable  surface,  (13) can be integrated direct ly  
by drawing on (6) and relat ions following f rom field s imi lar i ty  for  the dimensionless  enthalpy, concen t ra -  
tion, and velocity, i.e., 

p / p0 = l~0 + (I --  4~ ~]{[$~ + (1 --  ~ )  ~l tSg § (I - $~) ~}}-, 

Here Ce, Cg, and Cn are the respective heat capacity, nonuniformity, and enthalpy factors, and w =Wx/W 0. 

It will be shown below that this approach gives a reasonably accurate estimate of the momentum flux 
parameter .  

Let us at the moment simply compare  values of the momentum flux p a r a m e t e r  obtained through these 
various procedures .  

F igure  1 gives a compar ison  of the resul ts  obtained by graphical integration [4, 5] of the experimental  
data and by the methods outlined in the present  work. The points of curves  1 and 3 indicate values of the 
momentum flux p a r a m e t e r  obtained ei ther  f rom velocity profiles developed over  various sections of the 
entry region of a hydraulical ly smooth tube [4], o r  f rom profiles obtained under t r ansve r se  gas flow in the 
main portion of the tube [5]. 

Results obtained by the method of the present  paper  a re  covered by the cu rve  of Figs.  1. The exponent 
n of (6) was evaluated f rom Eqs. (9) and (10). In each case,  the velocity distr ibution along the tube axis was 
taken f rom the published graphs of [4, 5]. The resul ts  obtained a re  seen to be in sa t i s fac tory  agreement  in 
every instance. Inadequacies in the method, and inaccuracies  in the experimental  da t a  might both account 
fo r  d iscrepancies  in the neighborhood ofx ~ 0. The e r ro r s  of measurement  and velocity profi le t rea tment  
a re  minor  over  the entry region of hydrodynamic stabilization where the boundary l aye r  is thin. Additional 
difficulties a r i s e  here  f rom the fact that the momentum flux pa rame te r  var ies  by as much as 3% under the 
conditions of [4]. 

The points on cu rve  2 of Fig. 1 represen t  the resul ts  of t rea tment  of data obtained in the entry region 
of a rough-walled tube, again using the methods outlined in the present  paper  [6]. The experimental  values 
a re  seen to be in sa t i s fac tory  agreement  with values obtained by integrating (13), where  the working equa- 
tion for  fl takes the form 

! :}/rct , 8 (875 c, 5 , i 8 2 2 
r0 2 ~ r-~ \ - ' ~ - 2 -  4 2 -~u (14) 

Here it was assumed that ~t = 0.4. The coefficient of friction, the thickness of the boundary layer, and the 
relative velocity along the tube axis, quantities required for substitution in (14), were determined by the 
methods of [6]. 

Measurements on high-enthalpy gas flow [3, 7, 8] have shown that temperature nonuniformity results 
in no more than a slight deformation of the flow profile across a boundary layer. This suggests the pos- 
sibility of extending the method proposed here to still more complex cases. 

Let us therefore now assume entropy and velocity field similarity in the nonisothermal turbulent 
boundary layer, and, on this basis, integrate Eq. (13). 

Drawing on (6), one obtains 

1 
~" = I @ ~  (t -- ~ cos a) cos ~ a~ 
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The  c u r v e s  of F ig .  2 ( for  1, (0w)/P0w0; fo r  2, /3) c o v e r  the  r e s u l t s  ob t a ined  by t r e a t i n g  the  da t a  of [3] 
th rough  Eqs .  (11) and (15), w h i l e  the  po in t s  i n d i c a t e  r e s u l t s  ob t a ined  f r o m  a g r a p h i c a l  i n t e g r a t i o n  of (13), 
u s ing  e x p e r i m e n t a l  da t a  on the  v e l o c i t y  p r o f i l e  and t e m p e r a t u r e  a c r o s s  the  b o u n d a r y  l a y e r  in the  r e g i o n  of 
s t a b i l i z e d  flow, The  effect  of t e m p e r a t u r e  n o n u n i f o r m i t y  on the  r e l a t i v e  a x i a l  v e l o c i t y  was  t aken  f r o m  [3]. 
The  r e s u l t s  ob t a ined  by t h e s e  two p r o c e d u r e s  a r e  in s a t i s f a c t o r y  a g r e e m e n t .  

Thus  the  m o m e n t u m  flux p a r a m e t e r  f o r  gas  f low with  t r a n s v e r s e  m a s s  t r a n s p o r t  in a r o u g h - w a l l e d  
tube u n d e r  n o n i s o t h e r m a l  c o n d i t i o n s  c a n  be  ob t a ined  f r o m  a m e a s u r e m e n t  of the  v e l o c i t y  at  the  o u t e r  b o u n d -  
a r y  l a y e r  edge  and the  mean  v e l o c i t y  a v e r a g e d  o v e r  t he  c r o s s  s e c t i o n  in ques t ion .  

The  v a l u e s  of fl o b t a i n e d  h e r e  w e r e  used ,  in tu rn ,  to ob ta in  a s o l u t i o n  to Eq. (12). Us ing  the  me thod  of 
l e a s t  s q u a r e s ,  the  d r a g  i n t e g r a l  w a s  a p p r o x i m a t e d  a s  an m - t e r m  p o l y n o m i a l  s e r i e s ,  

2[" t rr, 

dX = ~ a i X i  KTw?o 

The  v a l u e  of the  c o e f f i c i e n t  of f r i c t i o n  was  then  ob ta ined  by d i f f e r e n t i a t i n g  (16) 

(16) 

9 ~,, i m X  i-x cos ~ [~oPoWo~21 -x (1"0 
2 1 

In o r d e r  to e s t a b l i s h  the  f r i c t i o n a l  law,  i t  i s  n e c e s s a r y  to have  R e y n o l d s  n u m b e r s  d e t e r m i n e d  f r o m  
t h e  m o m e n t u m  t r a n s f e r  t h i c k n e s s .  H e r e  one has  r e c o u r s e  to the  equat ion f o r  the  c o n s e r v a t i o n  of m o m e n -  

tum, w r i t t e n  a s  

d R  ++ B ++ d W o  It  *+ dr0  R dPo* Q 
d x  -~ Wo ax  ( l + H )  q r0 ~x 4p0~;-cosa ax  -- ~ WoR~( l+b~)  

R ++ PAW&++ }t  == 5+ 
, -~-~-..., r V o =  ,,o,W--L (18) 

R = 9owoD bl = PWw 2 X = x / 9 . r  o 
Ix ' ?oWo c i ' 

with the  s u b s c r i p t  0 d e s i g n a t i n g  quan t i t i e s  e v a l u a t e d  at  the  o u t e r  b o u n d a r y  l a y e r  edge  and 1 qua n t i t i e s  e v a l u -  
a t ed  at  the  c h a n n e l  e n t r a n c e ;  w the  w a l l  p a r a m e t e r ,  and P* the  t o t a l  p r e s s u r e .  

I n t e g r a t i o n  of (18) g i v e s  

B4+ t + H dwo WoR1 (1 -~- bl) i =~ exp . . . .  wo ro~ ) 
Wo~ Xt 

~'0 (19) 
4:~ow02eosa dX / e x p .  ,,o d w o +  ~ l  d X  - -  ItS" 

woi 

F i g u r e  3 shows  the  r e s u l t s  of t r e a t i n g  e x p e r i m e n t a l  d a t a  (1, [4]; 2, [5]; 3, 4, [6]) on f r i c t i o n  in the  e n -  
t r y  r e g i o n  and p r i n c i p a l  s e c t i o n  of t u b e s ,  both smooth  and rough  w a l l e d ,  u n d e r  t r a n s v e r s e  g a s  flow. The  
s t a r t i n g  po in t  f o r  th i s  w o r k  was  the  m e a s u r e d  a x i a l  v e l o c i t y ,  and the  mean  v e l o c i t y  a v e r a g e d  o v e r  the  s e c -  

t ion in ques t ion .  

The  e x p e r i m e n t a l  d a t a  w e r e  t r e a t e d  in the  fo l lowing  m a n n e r .  The  d i s p l a c e m e n t  t h i c k n e s s  w a s  f i r s t  
c a l c u l a t e d  f r o m  Eq. (10) u s ing  the  m e a s u r e d  k i n e m a t i c  f low c h a r a c t e r i s t i c s  f o r  the  c r o s s  s e c t i o n  in q u e s -  
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tion and for  entry at that s egment  of the tube under study. The exponent of (6) was then obtained f rom Eq. 
(8). 

The complex  quantity fl was then calcula ted f rom Eq. (15). The value of the drag integral  was found as 
a function of the longitudinal coordinate ,  using Eq. (12). The method of leas t  squa res  was used to c a r r y  the 
resul t ing  sequence into a s e r i e s  of the type of (16), and the coefficient  of f r ic t ion then obtained by d i f fe ren-  
t iat ing the la t ter .  The value of the Reynold 's  number  could be obtained by numer ica l  integrat ion of (19). 

The value of the coeff ic ient  of f r ic t ion was reduced to s tandard conditions by the use  of var ious  func-  
t ions, each cover ing  one type of interact ion.  

Thus the effect of su r face  roughness  was allowed for  by introducing the function 

z,~. - I .  ~ / ' 'F .  --- ( 20 )  
R++ 

der ived e a r l i e r  in [6], and the effect of injection by the function 

Ly __ (il-- ~---~) ~, bc=4(:[ ' q - ~ ] 0 8 3  \ (21) 

der ived in [9]. 

It is seen f rom the graph that the exper imenta l  points c lus te red  around a c u r v e  sat isfying the equation 

c! / 2 = 0.0128tVrR ++-~ ~ = IlTi (22) 

The problem of heat exchange in the entry region of a tube under nonisothermal conditions and with 
injection has been discussed carlicr in [7, 10, 11] where measured values of the local axial flux and the 
mean velocity over the streaming surface are reported. The methods of the present paper can bc used to 
obtain the coefficient of friction from measurements of this type. 

The results obtained from frictional data applying to the entry region of the tube under various types 
of departure from temperature uniformity (1, eh = 0.8; 2, 0.61; 3, 058; 4, 0.56), are shown in Fig. 4. Here 
the coefficient of friction was calculated from Eqs. (12), (15), and (17), and the Reynolds number obtained 
from (19). The coefficient of roughness was evaluated from (2), and the departure from isothermal condi- 
tions expressed through 

~'h -~ i 4- [4 (I -- V"-~h)] [~'h (I -- a0 ]I/'J'nShci0 ~ 2)] "i (23) 

The crest  height relative to the roughness was obtained from the measured drag coefficient and the 
Nikuradze formula [13], and proved to be 10 -a. The drag coefficient was obtained by means of a preliminary 
scavenging of the main portion of the tube. It is obvious that the points fell around a curve of the type of 

(22) with ~E = 1. 

The figure also contains points obtained over the hydrodynamic stabilization segment of the tube, 

working under nonisothermal conditions with injection (5, ~n = 0.6; b = 3.3; 6, eh = 0.76, b = 0.96) [10, 11]. 

Here treatment of the data proceeded through Eqs. (9), (10), (12), (15), and (19). 

The values obtained for the coefficient of friction were reduced to standard conditions with the aid of 
the functions (20), (21), and (23). The points obtained fell on a curve of the form of (22) in this ease also. 
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